
AIAA JOURNAL

Vol. 39, No. 1, January 2001

Thermomicromechanical Damage in Composites

S. K. Naboulsi¤ and A. N. Palazotto†

Air Force Institute of Technology, Wright–Patterson Air Force Base, Ohio 45433

A thermomicromechanical model of failure is presented based on thermodynamic principles, that is, using the
balancing laws: the conservation of momentum and the � rst and second laws of thermodynamics. The model is
oriented toward damage initiation and damage progression in a composite structure under an intense pressure
shock wave. A micromechanical damage approach is considered where three damage modes are modeled: ten-
sile damage, shear damage, and interphase or material mismatch discontinuity between the composite’s matrix
and � ber. A homogenization technique is incorporated in the development to simplify the representation of the
nonhomogeneous material. A summary of the equations for the thermomicromechanical model of failure is pre-
sented where a damage parameter D is de� ned to characterize the lamina’s damage based on energy dissipation.
Numerical analyses are presented to demonstrate the model characterization to damage.

Nomenclature
c² = speci� c heat at a constant strain
D = damage parameter
d = power of dissipation
H = Heavyside unit step function
K = bulk modulus
qi = component of the heat � ux vector
t = time
uv = internal energy
vi = component of the velocity
Çvi = component of the acceleration
a v = coef� cient of thermal expansion
C = inelastic proportionalityconstant
D = difference between the � ber and matrix residual strains
d i j = Kronecker delta
e i j = total Cauchy strain tensor
e e

i j = elastic portion of the Cauchy strain tensor
e in

i j = inelastic portion of the Cauchy strain tensor
¯e i j = difference between the � ber and matrix residual strains
g = entropy
h = thermodynamic absolute temperature
l , k = Lame’s constants
q = mass density
r i j = Cauchy symmetric stress tensor
w v = free energy
x = tensile damage parameter
x D = interfacial damage parameter
$ = shear damage parameter

I. Introduction

T HE life expectancy and survivability of structures have been
the focus of many studies where safety as well as economical

factors are major concerns. Damage plays a signi� cant role, and
the understandingof its characteristicscan advance the material de-
signs. There are many established failure criteria in the literature.
Some failure criteria are based on strengthof the materials for com-
posite and isotropic materials alike. For example, models of max-
imum strain,1 maximum stress,1 Tsai–Hill (see Ref. 1), Tsai–Wu
(see Ref. 1), Lee,2 and Hashin3 (among others) are used to inves-
tigate � ber failure, matrix failure, and delamination. These failure
criteria and others are widely used to predict damage based on a
macromechanic isothermal approach.Other models investigatemi-
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cromechanicaldamage and are based on matrix failures, for exam-
ple, those of Averill,4 Bakukas et al.,5 and Joshi and Goode.6 The
density of microcracks and microcavities in a material to charac-
terize the phenomena of damage for an isotropic material through
an energy representation was � rst introduced by Kachanov7 where
a scalar damage parameter was used. Since then, the concept was
generalized within the framework of irreversible thermodynamics
for isotropicmaterial under multiaxial loadsby Lemaitre,8 Lemaitre
and Chaboche,9 Hult,10 Leckie,11 Murakami,12 Krajcinovic,13 and
others.

The damage process is greatly in� uenced by loading conditions
as well as the complexity of the multiphase decomposition of the
material. The motivation behind the present work is to investigate
the survivabilityof a composite structure under an intense pressure
shock wave where such loading conditions could raise the need for
an equationof state, for example,Hugoniot(seeZukas14 andSchwer
et al.15). For example, a thin-walled � uid-� lled tank impacted by a
solid steel sphere at high velocity results in a hemispherical shock
wave that eventually impacts the tanks walls at high intensity.16

Under such severe loading conditions, the effect of the loading rate,
inelastic strain rate, and thermomechanicalcouplingon the material
response becomes signi� cant and must be considered.17 The prob-
lems considered herein, however, have been simpli� ed, that is, the
equation of state is not considered, to carry out parametric evalua-
tions within the establishedcriterion. Thus, the focus of the present
work is to introduce a micromechanical damage model applicable
to composite structures under loading that is developed by an im-
pact of » 100 m/s (Refs. 14, 15, 17, and 18) and to evaluate certain
damage characteristicswithin the model.

II. Theory
The mathematicalderivationof the thermodynamicmodel of fail-

ure is basedon theconservationlaws, the � rst and secondlaw of ther-
modynamics, and the state laws or the constitutive laws of the con-
tinuum. The governing equations are formulated using Lagrangian
representation.The conservationof mass, the conservationof linear
momentum, the conservation of angular momentum, the � rst law
and second law of thermodynamicsassuming no heat source in the
continuum and no body forces, can be stated as19

@q

@t
+ q

@v i

@x j
= 0, r i j, j = q Çvi , r i j = r ji (1)

Çuv = r i j Çe i j ¡ qi,i (2)

Çg ¸ ¡ qi,i / h + qi h ,i
| h 2 (3)

where the dot indicates the time t derivative, that is, Çx = @x / @t ,
and h is measured from an initial absolute temperature h 0 , that is,
the absolute zero Kelvin temperature is ¡ 273.3°C. Furthermore,
the following assumptions will be used in the formulation of the
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damage model. First, the strain tensor is written in two parts: the
elastic strain e e

i j and the inelastic strain e in
i j ,

e i j = e e
i j + e in

i j (4)

Second, the elastic strain e e
i j is a linear elastic strain, that is,

in� nitesimal strain e e
i j e e

i j ¿ 1.0, where the strain used is the
Cauchy strain tensor e e

i j and the correspondingstress is the Cauchy
stress tensor r i j . Note that the governing equations are not re-
stricted to any loading range and that they are applicable to either
phase.

An irreversible thermodynamics approach is used, where dam-
age is introduced as an internal variable. To be acceptable, these
damage internal variables must be identi� able and related to domi-
nant modesof irreversiblerearrangementof the materialmicrostruc-
ture. Traditionally there are two types of damage models to consti-
tute these micromechanisms: isotropic damage (damage scalar)20

and anisotropicdamage (a fourth-order damage tensor).21 ¡ 26 In the
present model, which is geared toward capturing damage in struc-
tures exposed to high-intensity loading, special isotropic internal
damage variables are assumed, where the micromechanisms are
consideredeither transgranularor intergranularmechanisms, in ad-
dition to the interphase damage and the residuals in the composite
material. The assumed special isotropic internal damage variables
are a simpli� ed form of an anisotropic damage. Hence, two inter-
nal damage variables are considered to model the large number of
microdefects,such as microcracks,dislocations,pores, and decohe-
sionswithin a microstructureof a typicalengineeringmaterial.They
are the tensile damage parameter x (transgranular) and the shear
damage parameter $ (intergranular). These two internal damage
variables in some averaging sense represent existing micropore and
microslip development, respectively.They are based on reasonable
assumptions. Experiments show that the mechanism of dynamic
fracture and the damage of a material is a process of nucleation,
growth, and coalescence of microvoids as well as microslip.27 ¡ 29

In addition, the exposure of a material to an intense pressure shock
wave enhancesthe dynamicexpansionof cavities.17,30,31 To develop
a damagemodel for a two-phasecomposite, the residualstateand in-
terfacial damage between the composite’s phases must be included
in the model based on experimental observations. The magnitudes
of the residual state vary, for example, thermal strain, moisture ab-
sorption strains, inelastic deformation, etc., but may be quite sub-
stantial, often exceeding those induced by allowable mechanical
loading. Therefore, residual � elds may cause internal damage of
the physical properties of the composite materials.18,32,33 Further-
more, interfaces between constituents within the composite mate-
rial may in� uencedamagedevelopment,18,33 and interfacialdamage
can lead to a signi� cant effect on the composite’s global response.
Thus, it is modeled in an averaged sense using the damage pa-
rameter x D in addition to the difference between the two-phase
strains D , that is, initially de� ned as the difference between the
� ber and matrix residual strains ¯e , which is D = ¯e (1)

11 ¡ ¯e (2)
11 , where

the 11-direction is along the � bers and its rate ÇD will be de� ned
subsequently.

Hence, the independent state variables of the total free energy
per unit volume w v for the damage model become the temperature
h ; the elastic strain e e

i j ; the inelastic strain e in
i j ; the difference be-

tween the two-phase strains in the uniaxial loading direction at the
initial state D , that is, prestrained state, which allow the inclusion
of the residual state effects on damage; the tensile damage param-
eter x related to micropore development; the shear damage param-
eter $ related to microslip development; and interphase discon-
tinuity between the matrix and � ber of the composite x D . Thus,
the free energy w v (h , e e

i j , e in
i j , x , $, D , x D ) time derivative is equal

to

Çw v =
@w v

@e e
i j

Çe e
i j +

@w v

@e in
i j

Çe in
i j +

@w v

@h
Çh +

@w v

@D
ÇD +

@w v

@x
Çx

+
@w v

@$
Ç$ +

@w v

@x D

Çx D (5)

Manipulating the second law of thermodynamics[Eq. (3)], one can
deduce (see Appendix A)

r i j Çe
in
i j ¡

@w v

@e in
i j

Çe in
i j ¡

@w v

@D
ÇD ¡

@w v

@x
Çx ¡

@w v

@$
Ç$

¡
@w v

@x D

Çx D ¡
qi h ,i

h
¸ 0 (6)

Hence, the power of dissipation d is de� ned as

d =

±
r i j ¡

@w v

@e in
i j

!
Çe in

i j ¡
@w v

@D
ÇD ¡

@w v

@x
Çx ¡

@w v

@$
Ç$

¡
@w v

@x D

Çx D ¡
qi h ,i

h
(7)

and Eq. (6) can be written as

d ¸ 0 (8)

which states that the energy dissipated due to damage is not recov-
erable. Note that the three terms in the dissipationfunctiond are the
mechanical dissipation dm , the dissipation of continual failure d f ,
and the thermal dissipationdh , respectively,and they are de� ned as

dm =

±
r i j ¡

@w v

@e in
i j

!

Çe in
i j

d f = ¡
@w v

@D
ÇD ¡

@w v

@x
Çx ¡

@w v

@$
Ç$ ¡

@w v

@x D

Çx D , dh = ¡
qi h ,i

h
(9)

The mechanical dissipationdm represents the dissipationdue to the
inelastic � ow, which is de� ned using constitutive relations; the dis-
sipation of continual failure d f represents the dissipationdue to the
continuum damage mechanism, which is an accumulative process
in time; and the thermal dissipation dh represents the heat energy
dissipation� owing from hotter temperature to a colder temperature.

For a compositematerial, its heterogeneityadds to the complexity
of developing a damage model, and the following approach will be
adopted. First, one develops the governingequationsfor each of the
composite two-phase materials, for example, Eqs. (1–3). Second,
the two-phase composite’s governing equations are developed by a
homogenizationtechnique,and in thepresentmodel it is an averaged
form of the two phases based on the rule of mixture. Note that there
are many approachesto incorporatethe anisotropyof the composite.
The ultimateapproachis to developthe three-dimensionalgoverning
equationfor the two-phasematerialsandsolvethemnumerically,for
example, Aboudi’s34 cell model and Pagano’s35 model based on the
Reissner’s variational theorem. Averaging the two phases based on
the rule of mixture is a simple form of homogenization in compar-
ison. Hence, the homogenization technique included in the present
formulation is based on the rule of mixture because of its simplic-
ity and computational ef� ciency and its wide use in obtaining the
averaged properties of a composite material, for example, the com-
posite’s effectivelongitudinalmodulusand thecomposite’s effective
Poission’s ratio (see Ref. 1). Therefore, the averaged macroscopic
quantity X is obtained by averaging the two-phase quantities X (1)

and X (2) using the rule of mixture de� ned as

h X i = cX (1) + (1 ¡ c)X (2) (10)

and the rule of mixture fractional’s reversed form, which results
from a subsequent algebraic manipulation, is de� ned as

X̃ = (1 ¡ c)X (1) + cX (2) = X (1) X (2) h X ¡ 1 i (11)

where c is the volume fraction or the volumetric concentration of
the � ber, that is, c = � bers volume/total volume and 1 ¡ c =matrix
volume/totalvolume.By the consideringof the damageas a noncon-
servative process,which is characterizedby irreversibleenergy dis-
sipation,the free energy w v (h , e e

i j , e in
i j , x , $, D , x D ) is decomposed
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into a thermoelastic free energy w e
v (h , e e

i j ), which is conservative,
and inelastic speci� c free energy w in

v ( e in
i j , x , $, D , x D ), which is

nonconservative:

w v (h , e i j , x , $, D , x D ) = w e
v

¡
h , e e

i j

¢
+ w in

v

¡
h , e in

i j , x , $, D , x D

¢

(12)

The homogenizationis developedbased on a thermoelastic law (no
inelastic response or damage), which will subsequently be used
in the thermomicromechanical model. Considering a two-phase
lamina (see Fig. 1) under a uniaxial condition where the two-
phase quantities are measured from a reference state (e.g., h = ¯h ¡
h 0, where h is measured from the temperature of a reference state
h 0 and ¯h is measured from a zero state), the homogenized macro-
scopic quantities are obtained based on the following conditions.
The total strains are continuousin the uniaxial direction,and the to-
tal strains in the transverse direction are averaged using the rule of
mixture Eqs. (11). The stresses at the interfaceof the two phases are
continuous, the temperature is continuous at the interface under an
adiabatic assumption, and the macroscopic entropy is averaged us-
ing the rule ofmixtureEqs. (11). To eliminate the two-phasestresses
and entropy from these conditions in terms of the two-phase strains
and temperatures,the thermoelasticequationsfor the two-phase en-
tropiesand stressesare incorporated(becausenodamageor inelastic
behavior is considered in the homogenization). Therefore, the fol-
lowing thermoelastic equations will be used (see Appendix A):

g ( a ) =
¡
c( a )

e
| h ( a )

0

¢¡
h ( a ) ¡ h ( a )

0

¢
+ K ( a ) a ( a )

v e ( a )
kk (13)

r ( a )
i j = 2 l ( a ) e ( a )

i j +
£
k ( a ) e ( a )

kk ¡
¡
K ( a ) a ( a )

v h ( a )
0

| c( a )
e

¢
g ( a )

¤
d i j (14)

where a indicatesthematerial phase, that is, a = 1 for the � berphase
and a =2 for the matrix phase, h ( a )

0 is the phase temperature at the
initial state, and e ( a )

i j is the phase elastic strain tensor. Equations(13)
and (14) are then used to rewrite the stress, strain, temperature, and
entropy conditions in terms of the two-phase strains and entropies.
These relationshipsare then substituted into the two-phase thermo-
elastic free energy per unit volume (see Appendix A),
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to obtain the macroscopic thermoelasticfree energy per unit volume
w e

v ( g , e e
i j ), which is
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Fig. 1 Two-phase composite.

and the inelastic part of the free energy rate in Eq. (5) is integrated
to obtain w in

v ( e in
i j , x , $, D , x D ), which is
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Hence, the free energy w v ( g , e e
i j , e in

i j , x , $, D , x D ) is
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where D is predicated on the prestate conditions, that is, D =
e (1)

11 ¡ e (2)
11 = ¯e (1)

11 ¡ ¯e (2)
11 (see Appendix B for details), and will be

used subsequently to model the interphasedamage, B̂ is equal to
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v
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A and B are obtainedfrom the prestatecondition,that is, the residual
state (see Appendix B), and are de� ned as
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A =
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3
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and C , d, and P are homogenized material constants that charac-
terize the macroscopic response of the material based on the rule of
mixture approachusing thermoelasticityprinciples.For example, in
unabridged form C11 is
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and they are de� ned in abridged form as
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The last four terms in Eq. (18) are nonconservative terms due to
inelastic response and three modes of damage. Here e e

i j is the elas-
tic macroscopic strain tensor measured from an initial state (see

Appendix A), and h is the absolute temperature measured from an
initial state (see Appendix A). T r , T s , and T D are weight func-
tion constants that result from the implementation of the Onsager
principle for the nonconservative terms (i.e., in irreversible ther-
modynamics the constitutive relations are linear with symmetric
coef� cients36), which leads to

Z t

0

@uv

@x
Çx dt = ¡ K T r

Z x

0

Çx d x

Z t

0

@uv

@$
Ç$ dt = ¡ 2 l T s

Z $

0

Ç$ d$

Z t

0

@uv

@D
ÇD dt = ¡ l T D

Z x D

0

Çx D d x D

Z t

0

@uv

@e in
i j

Çe in
i j dt = ¡ l C

Z e in
i j

0

e in
i j de in

i j = ¡
1

2
l C e in

i j e
in
i j (24)

T r , T s , and T D are weight function constants introduced to cap-
ture, in a simple way, the probability function of the damage mode
density in composites, that is, tensile, shear, and interphasedamage
modes. (Note that the modes of failure are predicatedon a statistical
relationship considering many tests, and for simplicity an assumed
weighted characteristicis made.) They range in valuesbetweenzero
and one (0 · T r , T s , T D ·1), where zero indicates no probability
for the damage mode to exist and one is the highest damage mode
probability possible. C is an inelastic proportionalitymaterial con-
stant that indicates the material’s ability to deform inelastically.
Also Çx ( x , e e

kk), Ç$( x , ²̄e), and Çx D ( x , D ) are phenomenologicalco-
ef� cients of damage that represent the rate of damage. They are
determined from damage constitutive relations. These relations are
based on the kinetic equation of the Tuler–Butcher type,37 which
are
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where the second invariant of the deviatoric strain ²̄e and the devi-
atoric strain ²e

i j are de� ned as
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e
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The damage constitutive relations are based on the following. The
tensile damage characterizes cavities and voids initiates, and it is
assumed to be a function of the elastic volumetric strain e e

kk . Ten-
sile damage initiateswhen the volumetric strain reaches a threshold
value e ¤ . The shear damage characterizes shear slip, and it is as-
sumed to be a function of the second invariance of the deviatoric
elastic strain ²̄e , which is analogous to the plasticity theory. The
shear mode initiates as the deviatoric elastic strain reaches a thresh-
old value e ¤

s . The interphase damage is assumed to be a function
of the difference between the two-phase strains D , and it initiates
when D reaches a threshold value D ¤ ¢ X x , X $ , and X D are macro-
scopic material constants that characterize the homogenized rate of
damage for the two-phase material, that is, X ( a )

x , X ( a )
$ , and X ( a )

D . Be-
fore damage (i.e., x =$ = x D =0), Çx ( x , e e

kk ), Ç$( x , $, ²̄e), and
Çx D ( x , D ) are assumed to be a linear functions, where X x , X $ ,
and X D are the initial slopes. Furthermore, the degradation of the
two-phasematerial due to damage is capturedby assuming the bulk
modulus and Lame’s constants, that is, K , l and k , respectively,are
linear functions of the tensile damage x . Thus, K ( x ), l ( x ), and
k ( x ) are de� ned as

K = K0(1 ¡ x ), l = l 0(1 ¡ x ), k = k 0(1 ¡ x ) (27)

where K0 is the bulk modulus and l 0 and k 0 are Lame’s constants
for an undamaged structure.
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Now that the internalenergyfor the homogenizedlamina is estab-
lished, the internal energy [Eq. (18)] is used to obtain the stresses,
that is, r i j = @w v / @e e

i j (see Appendix A), which are
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Note that Eq. (28) differs from the thermoelastic stress–strain re-
lation [e.g., the thermoelastic stress–strain relation in Eqs. (14) for
homogeneous material], such that the damage affects the stress–

strain response.
Finally, using an energy balance approach and characterizing

the damage in the composite structure as an unrecoverable process
equivalentto the dissipationof energy,that is, unrecoverableenergy,
a criterion for the developmentof microscopic cracks is introduced.
By the use of the second law of thermodynamics,a damage param-
eter Dv per unit volume that computes the energy dissipationfor the
system is de� ned as
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where t is the time such that the time integral represents the accu-
mulative process of damage. Note that the damage parameter Dv in
Eq. (29) de� nes the microdamage in the material as a dissipationof
energy due to the inelastic behavior of the material, tensile damage,
shear damage, interphase discontinuitydamage, incompatibilityof
the deformation between the � ber and matrix (i.e., strain difference
between the two phases), and the thermal dissipation.As the micro-
cracks coalesce and the damage parameter reaches a critical value
Dv = D ¤ , a macrocrack initiates.The critical damage parameter D ¤

is a material constant that is determined experimentally,and it indi-
cates when micro-cracks coalesce into a macrocrack.

The damage model has 10 material constants, T r , T s , T D , X x ,
X $ , X D , e ¤ , e ¤

s , D ¤ , and D ¤ , which characterize the macroscopic
damage. These are determined through experiments, which can be
time consuming and cumbersome, especially for composites. To
minimize the effort to obtain all 10 constants, the following tech-
nique has been adopted to obtain the damage weight functions
or proportionality constants T r and T s based on the theoretical
strength of a material’s perfect crystal. First, note that even though
neither of the two-phase materials exhibit perfect crystal strength,
the theory is used as a simplifying means to obtain the proportion-
ality constants. Second, the weight function constants are assumed
inversely proportional to the theoretical strength of the material’s
perfect crystal (see Appendix C) because the weight function con-
stants re� ect the tendency of the material to display damage. That
is, the higher the strength is, the smaller the damage and vice versa.

Furthermore, because the weight function constants T r and T s are
nondimensional, a normalization factor n f will be used to nondi-
mensionalizethe theoreticalstrengthof thecrystal.This normalizing
factor n f is assumed to be

n f = (1/ p )[Fr Fs / (Fr + Fs )] (30)

Hence, the damageweight functionconstants T r and T s for the ten-
sile and shear damage of a material phase are assumed based on the
theoretical strength of the material’s perfect crystal (see Appendix
C) to be

T ( a )
r = p n f

| E ( a ) (31)

T ( a )
s =

p n fp
3
8
G( a )

(32)

Furthermore, considering a two-phase composite, homogenized
damage weight function constants based on the rule of mixture
Eq. (10) are assumed, and they are equal to

T r = c T (1)
r + (1 ¡ c) T (2)

r = c
¡
p n f

| E (1)
¢

+ (1 ¡ c)
¡
p n f

| E (2)
¢

(33)

T s = c T (1)
s + (1 ¡ c) T (2)
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p n fp
3
8
G (1)

+ (1 ¡ c)
p n fp
3
8
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(34)

Note that the weight function constants are assumed inversely pro-
portionalto the strength,where the strengthof a two-phase compos-
ite is more dif� cult to predict using the rule of mixture. However,
the homogenized weight function constants provide a lower bound
estimate using the rule of mixture, which is assumed suf� cient for
the type of approximation required for this technique. This form
of the weight function constants T r and T s also re� ects the load
and the � ber orientation because the strength of a composite is di-
rection dependent as well as tension and compression dependent.

III. Results
The model is � rst compared with experimental data available in

the literature. Hayakawa and Murakami38 performed a uniaxial ten-
sion test on tabular specimens of spheroidized graphite cast iron
FCD400. The wall thickness of the specimen is 1 mm, which is
suf� cient to ensure the continuum assumption, that is, one phase,
because the average diameter of the spheroidizedgraphite particles
is about30 £ 10 ¡ 3 mm. The fracturemechanismof the spheroidized
graphitecast iron is decohesionat the interfacesbetweenthegraphite
particles and the ferrite matrix. In addition, the ductile failure of the
ferrite matrix is induced by the development of microcracks. The
material properties are the Younge’s modulus E =169 GPa and
the shear modulus G =65.76 GPa. The numerical analysis for the
present model is based on the following assumptions. The applied
heat � ux is assumednegligible,that is, the thermal–mechanicalcou-
pling for the problem is assumed insigni�cant. Tensile and shear
damage modes are only considered in this analysis where the resid-
ual stresses are assumed insigni� cant, that is, T r 6=0, T s 6=0, and
T D = D ¼ 0. The inelastic proportionality constant C is assumed
negligible.Furthermore, a uniaxial bar is assumed (see Fig. 2), and
for a uniaxial loaded two-phase bar, Eqs. (18–29) reduce to

r i j = 0, for i j 6= 11
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Fig. 2 Uniaxial loaded composite.

where

h E i =

½
l (3k + 2 l )

k + l

¾
, h v i =

½
k

2( k + l )

¾
(36)

For one-phase material, the volume fraction c is set equal to
zero, and the quantities for the two-phase materials are equal and
reduce to one phase. These stress–strain relations in Eqs. (35)
are obtained by substituting the uniaxial stress conditions (i.e.,
r 12 = r 13 = r 23 = r 22 = r 33 =0, and r 11(t ) 6=0 is a nonzero known
value function of time) into Eq. (28). This leads to three equations
with three unknowns, e 11, e 22, and e 33 . Furthermore, a transversely
isotropic conditionwill be enforced, that is, the transversestrain are
equal e 22 = e 33 . Also, for the uniaxialbar, thedamage terms simplify
to
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These equations are solved using numerical integration.
The damage parameters are selected such that the computed

results present a best � t to the experimental data similar to the
Hayakawa and Murakami38 approach to determine the damage
constants. They are for the present model as follows: X x =0.01,
X $ =2.29, X D =0, T r = 1, T s = 1, and T D = 0. The comparison
between the stress–strain response of the experimental data38 and
the presentmodel numerical analysis is shown in Fig. 3. The results
show good agreement with the experiments. Also, the degradation
of the Young’s modulus due to damage is measured experimentally
by Hayakawa and Murakami.38 The results are given in Fig. 4. A
comparison of the Young’s modulus degradation as a function of
strain between the experimental data and the present model’s re-
sults show good agreement. Note that, for the numerical data of
Hayakawa and Murakami,38 they assumed an anisotropic form of
damage. However, in the present model a special isotropic form
of damage is assumedusing three damage modes: tensile, shear, and
interphase damage. In addition, the damage parameter Dv , which
measures themicrocrackdensity, is computed(no experimentaldata
available). The damage parameter Dv vs strain is shown in Fig. 5.
The result shows that the microcrackdensity initiatesat a strain level
where the stress–strain response becomes nonlinear. It also shows
that the microcrackdensity becomesunboundedat strain level equal
to 0.23where the stressapproximatelyreachesits ultimatevalue(see
Fig. 3). The unboundvalueof the damageparameter Dv is attributed
to the microcracks suddenly coalescing into a macrocrack, which
occurs at a deformation that is consistent with the ultimate stress.
Note that the sudden discontinuousunboundnessof the damage pa-
rameter Dv is due to the singularity in Eq. (38) because the tensile
damage x is equal to one.

The effect of the rate of loadingon damage in compositematerial
is investigated.A uniaxially loaded two-phase bar loaded by linear

Fig. 3 Comparison between the present analysis’s stress–strain re-
sponse and experimental data.

Fig. 4 Comparison between the present analysis’s Young’s modulus as
a function of strain and experimental data.

and half-sine functions, as shown in Fig. 6, is examined. The max-
imum amplitude of the loading function is set equal to 2.17 GPa,
which is in the range of the � ber fracture. The � rst two-phasemate-
rial considered is graphite/epoxy, and its material properties are in
Table 1. The � ber volume fraction c is set equal to 0.3. Here e ¤ and
e ¤

s , which determine the initiation of the tensile and shear damage
in the material, respectively, are taken equal to 0.002. X x and X $

are the rate of damage evolution constants, which are taken as the
initial slope to the tensile and shear damage curve, that is, initially
x =0 and the rates of tensile and shear damage are Çx / X x e e

kk and
Ç$ / X $ ²̄e. They are set equal to 0.578 and 4.7, respectively,based

on an iterative procedure, that is, they are calibrated for a bar fully
failed in 3 s at a maximum loadingamplitudeof 2.17 GPa or 0.7233-
GPa/s load rate. Also, the tensile damage is assumed dominant, that
is, T r = 1 and T s = T D =0. Various load rates slower and faster
than 0.7233 GPa/s are considered. Figure 7 shows the stress–strain



NABOULSI AND PALAZOTTO 147

Table 1 Two-phase Lame’s constants for four types of composite materials

Lame’s constant, PaComposite
material k (1) k (2) l (1) l (2)

Boron/epoxy 6.8799 £ 1010 7.4275 £ 109 1.1920 £ 1010 2.9663 £ 109

Aramid/epoxy 1.1138 £ 1011 6.9770 £ 109 3.5200 £ 109 1.408 £ 109

Graphite/epoxy 1.2336 £ 1011 2.1702 £ 108 4.9000 £ 109 2.9859 £ 109

E-glass/epoxy 2.8174 £ 1010 6.2126 £ 109 5.7200 £ 109 2.5274 £ 109

Fig. 5 Damage parameter Dv vs strain.

Fig. 6 Type of uniaxial loading used for the bar where the maximum
amplitude is ¾0 = 2:17 GPa.

response of two-phase bar for a load rate less than 0.7233 GPa/s.
The results show that at slower loading rates the bar becomes fully
damaged quicker and that the material ability to carry load dimin-
ishes. For example, the maximum stress the bar could sustain for
a load rate of 0.434 GPa/s is approximately 1.5 GPa compared to
approximately 2.0 GPa for a load rate of 0.7233 GPa/s. Further-
more, the stress–strain response of the bar loaded at higher rates
than 0.7233 GPa/s are shown in Fig. 8. The results show that at
high loading rates the bar response is almost linear elastic and that
more strength is exhibited by the material, which is consistentwith
Ref. 39. Furthermore, one can show that damage is a functionof the
loading path. For example, considering a linear and a sine loading
function with a maximum amplitude of 2.17 GPa, the sine loading

Fig. 7 Stress–strain response for linearly loaded uniaxial two-phase
bar with stress rates equal and less than 0.7233 GPa/s.

Fig. 8 Stress–strain response for linearly loaded uniaxial two-phase
bar with stress rates greater than 0.7233 GPa/s.

function has a cosine loading rate function (i.e., starts faster than
the linear load functions then slows down) compared to a constant
loading rate for the linear function. The tensile damage vs time is
shown in Fig. 9 for the two loading functions.The results show that
the damage progress is higher for the sine loading function com-
pared with the linear loading function, which is attributed to the
sine function’s faster loading rate. In addition, one can investigate
the effect of stiffness degradation due to damage on the unloading
using the sine function. A comparison is shown in Fig. 10.

Damage analysesof graphite/epoxy, boron/epoxy, aramid/epoxy,
and E-glass/epoxy uniaxial bar are also investigated using the mi-
croscopic features of the model. The weight function constants
or proportionality constants T r and T s are determined using the
theoretical strength of a material with perfect lattice or crystal
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Table 2 Material’s properties for four types of composite materials40

Composite material

Property, Pa Graphite/epoxy Aramid/epoxy Boron/epoxy E-glass/epoxy

E1 (longitudinal) 214.0 £ 109 87.8 £ 109 201.0 £ 109 39.0 £ 109

E2 (transverse) 6.4 £ 109 5.5 £ 109 21.7 £ 109 8.6 £ 109

G12 3.9 £ 109 2.2 £ 109 5.4 £ 109 3.8 £ 109

l 12 0.23 0.34 0.17 0.28
Fr (ultimate longitudinal 0.789 £ 109 1.28 £ 109 1.38 £ 109 1.08 £ 109

tensile strength)
Fr (ultimate transverse 0.029 £ 109 0.030 £ 109 0.056 £ 109 0.039 £ 109

tensile strength)
Fs (ultimate shear strength) 0.0391 £ 109 0.049 £ 109 0.062 £ 109 0.089 £ 109

Fig. 9 Tensile damage ! vs time for two different type of loading (sine
and linear function) where the maximum amplitude 2.17 GPa is loaded
in 3.0 s and ! = 1:0 indicates total damage of the bar.

Fig. 10 Stress–strain response of uniaxial two-phase bar loaded with
half-sine function with damaged and undamaged material’s stiffness
during unloading.

structure (see Appendix C). Lame’s constants for the four material
(graphite/epoxy, boron/epoxy, aramid/epoxy, and E-glass/epoxy)
are given in Tables 1 and 2 (see Ref. 40), and the � ber vol-
ume fraction c is set equal to 0.6. Using Eqs. (34), the weight
function constants for the four composite materials are computed
basedon longitudinalstrength(Table3). The stress–strain responses
are shown in Fig. 11. The results show that the damage accumu-
lates at a rate faster in the graphite/epoxy than in the E-glass/epoxy,

Table 3 Nondimensional weight function constants for four
types of composite materials considering longitudinal response

Damage weight function constantsComposite
material T r T s

Boron/epoxy 8.1738 £ 10 ¡ 4 1.1620 £ 10 ¡ 2

Aramid/epoxy 2.3469 £ 10 ¡ 3 2.8808 £ 10 ¡ 2

Graphite/epoxy 3.4384 £ 10 ¡ 3 2.8490 £ 10 ¡ 2

E-glass/epoxy 3.5025 £ 10 ¡ 3 3.0221 £ 10 ¡ 2

Fig. 11 Stress–strain response for various composite types.

aramid/epoxy, and boron/epoxy, respectively. Note that these re-
sults are consistent with the strength of the composite where the
ultimate longitudinal tensile strength is lowest for graphite/epoxy,
then E-glass/epoxy, aramid/epoxy, and boron/epoxy, respectively
(see Table 2). Furthermore, the damage parameters Dv are com-
puted vs time, and they are shown in Fig. 12. The results indi-
cate that the values of the damage parameter D, which represent
the density of microcracks in the composite, become unbounded
with time. This is attributed to the initiation of macrocracks due
to the coalescing of microcracks. Furthermore, one could obtain
a numerical value for D ¤ based on the results in Fig. 12 by set-
ting its value equal to the value of Dv as it becomes unbounded.
That is, D ¤ for the graphite/epoxy, E-glass/epoxy, aramid/epoxy,
and boron/epoxy based on the results in Fig. 12 are approximately
1.0 £ 107 , 2.0 £ 107, 3.0 £ 107, and 4.0 £ 107 Pa at 1.25, 1.55, 1.85,
and 2.25s, respectively.Furthermore,becausethe composite’s prop-
erties are direction dependent, for example, longitudinalstrength is
different from transversestrength, the weight functionconstants for
the four composite materials are also computed based on the com-
posite’s transverse properties (Table 4). The analysis results using
transverse strength to compute the weight function constants show
similar trendsto theonecomputedbasedon the longitudinalstrength
but have lower damage accumulation.
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Table 4 Nondimensional weight function constants
for the four types of composite materials considering

transverse response

Damage weight function constantsComposite
material T r T s

Boron/epoxy 1.7943 £ 10 ¡ 2 7.5711 £ 10 ¡ 3

Aramid/epoxy 3.7466 £ 10 ¡ 2 3.5030 £ 10 ¡ 2

Graphite/epoxy 1.0423 £ 10 ¡ 1 2.8490 £ 10 ¡ 2

E-glass/epoxy 1.5884 £ 10 ¡ 2 3.5335 £ 10 ¡ 2

Fig. 12 Damage parameter Dv vs time for various composite types.

IV. Conclusions
A thermomicromechanicalmodel of failure is presented, which

is based on thermodynamic principles, that is, using the balancing
laws: the conservation of momentum and the � rst and second law
of thermodynamics.A homogenizationtechnique is incorporatedin
the development to simplify the representation of the nonhomoge-
neousmaterialand to allow the inclusionof thermomicromechanical
phenomenon in a composite lamina. A summary of the equations
for the thermomicromechanical model of failure is shown, and a
damage parameter D that characterizes the damage in the lamina
based on energy dissipation is introduced. The following conclu-
sions can be stated. First, the model is compared with experimental
and theoretical data for a one-phase material that are available in
the literature, and it showed reasonably good agreement. Second,
a parametric study of the homogenized material was carried out.
To obtain the weight function constants, experiments are required.
However, in this investigation they were chosen based on the the-
oretical strength assumption of the material’s perfect crystal as a
simplifying approach. The results demonstrated the following:

1) For dynamic tests, the materialdeformationand failure process
are greatly in� uencedby the loadingcondition,for example,loading
rate, and forhigh-intensityloading,the rateof loadinghas signi� cant
effects on the composite response where an increase in the loading
rate causes an increase in the material strength.

2) The damage progress for a composite lamina is a function of
the rate of loading.

3) The choiceof the weight functionconstants T r , T s , and T D for
tensile damage and shear damage in� uence the damage progress.

4) The damage parameter Dv shows singular behavior, which
suggests that microcrack nucleation and density reaches a critical
value suf� cient to coalesce and initiate a macrocrack (D = D ¤ ).

Appendix A: Thermoelastic Energy
The power of dissipation can be obtained as follows. Starting

with the time derivativeof the thermodynamic relation between the
internal and the free energy

uv = w v + g h (A1)

and rearranging,one deduces

Çg = ( Çuv ¡ Çw v ¡ g Çh ) / h (A2)

Using the � rst law of thermodynamics[Eq. (2)] and time derivative
of the free energy [Eq. (5)], one can rewrite (Eq. (A2) as
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Using the thermodynamic relations (g = ¡ @w v / @h ) and ( r i j =
@w v / @e e

i j ), we have±
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Furthermore, one can obtain the thermoelastic free energy
w e

v (²i j , ¯h ) as follows. The thermoelastic free energy w e
v (²i j , ¯h ) is

assumed to be a function of the elastic strain ²i j and temperature ¯h .
The free energy expressionis obtainedby expandingthe free energy
w e

v (²i j , ¯h ) per unit volume into the Taylor series in the vicinity of
the initial state, that is, ²i j =²0

i j and ¯h = h 0 where ²0
i j and h 0 are the

strain and temperature at the initial state, respectively.Thus,
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where w v0 is the free energy per unit volume at the initial state [i.e.,
w v0 = w v (²0

i j , h 0)], @w v0 / @²i j is the stress tensor at the initial state,
and @w v0 / @ ¯h is the entropy at the initial state. Also, consider the
strain and temperature are measured from the initial state and one
can write

e i j = ²i j ¡ ²0
i j , h = ¯h ¡ h 0 (A6)

Thus, to develop the thermoelasticmaterial properties,one assumes
that the free energy per unit volume, stresses, and entropyat the ini-
tial state are zero for convenience, and retaining only the quadratic
terms in the series (i.e., quadratic strain terms, quadratic temper-
ature term, and a coupled quadratic term consisting of strain and
temperature terms), one can express the material constants as

ci jkl =
@2 w v0

@²i j @²kl
, b i j =
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@²i j @ ¯h
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and the free energy per unit volume becomes

w e
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2
m h 2 (A8)
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where ci jkl are the elastic constants for anisotropic material, which
is related to the initial state, that is, isothermal; b i j are the elastic–

thermal property constants for anisotropic material, which is also
related to the initial state, that is, isothermal; and m is the thermal
property constant. Assume that the material is isotropic; the elastic
constants ci jkl and the elastic–thermal propertyconstants b i j can be
written as

ci j kl = l ( d ik d jl + d il d jk ) + k d i j d kl , b i j = c d i j (A9)

where the elastic– thermal property constants for isotropic mate-
rial are assumed independentof the volumetric directionsonly. The
elastic–thermalpropertyconstant c for isotropicmaterial is obtained
by � rst computing the stresses, that is, the Duhamel–Neumann re-
lation computed from the initial state:

r i j =
¡

¯r i j ¡ r 0
i j

¢
=

@w v

@e i j
= 2 l e i j + ( k e kk ¡ c h ) d i j (A10)

where r 0
i j is the stress tensor at the initial state, r i j is measured from

the initial state, that is, ¯r i j is the total stress tensor, and the strain
tensor e i j is measured also from initial state. From Eq. (A10), the
bulk stress is

r kk = 3(K e kk ¡ c h ) (A11)

or

e kk = r kk /3K + ( c / K )h (A12)

Note that in Eqs. (A11) and (A12) it is evident that a change of
volumeis proportionalto temperature h , that is, e thermal

kk = a v h , where
a v is the coef� cient of thermal expansion.Thus, by comparison, the
elastic–thermal property constant c for isotropic material is equal
to

c = K a v (A13)

The thermal property constant m is obtained by computing the en-
tropy as

g = ¡
@w v

@h
= c e kk ¡ m h = c e kk ¡

@C(h )

@h
(A14)

where C(h ) = ¡ 1
2
m h 2 is de� ned for convenience.The speci� c heat

at a constant strain c² is de� ned as

c² = h
@g

@h
= ¡ h

@2C(h )

@h 2
(A15)

RearrangeEq. (A15) and integrateoncewith respect to temperature,
which gives

@2C(h )

@h 2
= ¡

c²

h
,

@C(h )

@h
= ¡

Z ¯h

h 0

c²

¯h
dh = ¡ c²

³
1 +

h

h 0

´

(A16)

One can expandthe natural log (h / h 0) into an in� nite power series,
³

1 +
h

h 0

´
=

h

h 0
¡

1

2

³
h

h 0

´2

+
1

3

³
h

h 0

3́

+ ¢ ¢ ¢ higher-order terms (A17)

and then retain the � rst term only to obtain

m = c² / h 0 (A18)

Hence, the material constants in Eq. (A8) are determined, and the
free energy per unit volume [Eq. (A8)] becomes

w e
v (²i j , h ) = l e i j e i j + 1

2
k e kk e ll ¡ K a v e kk h ¡ (c² /2h 0)h 2 (A19)

Furthermore, one can obtain thermodynamic quantities using
Eq. (57). For example, the entropy is

g = ¡
@w v

@h
=

ce

h 0
(h ¡ h 0) + K a v e kk (A20)

The internal energy ue
v is related to the free energy w v , where

uv = w v (²i j ) + g h (A21)

Hence, using the same procedure, one can write the thermoelastic
internal energy per unit volume as

ue
v = ( k /2)( e kk )2 + l ( e i j )

2 ¡ (K a v h 0 /c e ) e kk g + h 0 g

+ (h 0 / ce )( g )2 (A22)

Furthermore, one can obtain thermodynamic quantities using
Eq. (A23). For example, the stress tensor is

r i j =
@w v

@e i j
= 2 l e i j +

³
k e kk ¡

K a v h 0

ce

g

´
d i j (A23)

Appendix B: Prestate Conditions
The prestate or residual state condition affects the failure of the

lamina, and it is incorporated into the formulation of the failure
model as follows. The residual state is formulatedbased on a stress-
freeconditionfor uniaxialloadedtwo-phasematerial,which implies
that the mechanical stresses are zero. In other words, the stresses in
the two phasesalongtheuniaxialloadingdirectionare in equilibrium
with the applied macrostress r 11, which is zero for the prestate, that
is,

r 11 = h r 11 i = 0 (B1)

and all other stresses for this state are zero for a uniaxial case. The
remaining two-phase stresses are zero (r ( a )

i j =0, for all i j 6=11):

r (1)
22 = r (2)

22 = r (1)
12 = r (2)

12 = r (1)
33 = r (2)

33

= r (1)
23 = r (2)

23 = r (1)
13 = r (2)

13 = 0 (B2)

In addition, the prestate strain ¯e i j in the transverse directions, that
is, directions other than the uniaxial loading direction, which are
the 22 directionand 33 direction,are symmetric for the two phases,
which leads to two constraint equations for a uniaxial loading,

¯e (1)
22 = ¯e (1)

33 , ¯e (2)
22 = ¯e (2)

33 (B3)

The macrostrain in the uniaxial loading direction is continuousand
can be expressed in terms of the two-phase strain as

e 11 = e
(1)
11 ¡ ¯e (1)

11 = e
(2)
11 ¡ ¯e (2)

11 (B4)

Note that the elastic macrostraincomponentsare measuredfrom the
residual state. Also, the residual entropy ¯g is assumed to be equal
to the averaged entropy of the two phases, that is, satisfy the rule of
mixture, which is

¯g = h g i (B5)

Also, de� ne the differencebetween the strain between the two strain
phases in the uniaxial as D :

D = e (1)
11 ¡ e (2)

11 = ¯e (1)
11 ¡ ¯e (2)

11 (B6)

and use the thermoelastic relations for the entropy and stress tensor
for the two phase, which are

g ( a ) = K ( a ) a ( a )
v e ( a )

kk (B7)

r ( a )
i j = k ( a ) e ( a )

kk d i j + 2 l ( a ) e ( a )
i j ¡

¡
K ( a ) a ( a )

v

¢2¡
h ( a )

0
| c( a )

e

¢
e ( a )

kk d i j

(B8)
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The solutions for the residual strains from which the strains are
counted off become

¯e (1)
11 =

£
(1 ¡ c) Ê (2) | h Ê i

¤
D (B9)

¯e (2)
11 =

¡
cÊ (1) | h Ê i

¢
D (B10)

¯e (1)
22 = ¡ ¯e (1)

33 =
£
ˆk (2) | 2

¡
ˆk (1) + l (1)

¢¤
¯e (1)

11 (B11)

¯e (2)
22 = ¡ ¯e (2)

33 =
£
ˆk (2) | 2

¡
ˆk (2) + l (2)

¢¤
¯e (2)

11 (B12)

¯g = h ¯g i = c ¯g (1) + (1 ¡ c) ¯g (2) = B A D (B13)

where ˆk ( a ) , Ê ( a ) , A, and B are de� ned in Eqs. (20) and (21).

Appendix C: Theoretical Strength of a Perfect Crystal
The theoretical strengths of a perfect crystal are calculated as

follows.
Theoretical tensile strength is where materials break under nor-

mal stress and the fracturepath is perpendicularto the appliedstress.
The process involves the separationof the atoms along the direction
of the applied stress. Orowan41 developed a simple method for ob-
taining the theoretical tensile strength of a crystal at the angstrom
level. In this method,no stress concentrationat the tip of the microc-
rack is assumed; instead, it is assumed that all of the atoms separate
simultaneously once their separation reaches a critical value. The
distance required to separate two planes of atoms varies as a func-
tion of distance a between the two planes. In this model, the stress
is taken as a sine function over the distance between the two planes
a (which will be given subsequently). The total energy for the two
surfaces is 2es A, where es is the surface energy per unit area and A
is the cross-sectionalarea of the specimen considered. The surface
energy and the stress dependency on the plane of separation41 is
given as

es = (E /a0)( ps / p )2 , r =
p

Ees /a0 sin[( p / ps)(a ¡ a0)]

(C1)

where E is the Young’s modulus, a0 is the distance between the
two planes prior to separation under zero stress value r = 0, ps

is the periodicity of the sine function, and p is equal to 3.14159.
It is found experimentally that ps ¼ a0; hence, the maximum or
theoretical tensile strength is

r max ¼ E / p (C2)

Theoretical shear strength of a crystal is obtained by Frenkel42

considering two adjacent and parallel lines of atoms subjected to
pure shear. Under the action of the shear stress s , the top line will
move in relation to the bottom line. In this theory, the shear stress
is taken as a sine function of the displacement x as

s = (Gb /2 p a) sin(2 p x / b) (C3)

where G is the shear modulus, b is the interatomic distance, and a
is the distance between the two planes. The maximum theoretical
strength is at x =b /4, which is equal to

s max = Gb/ 2 p a (C4)

where the ratio b/ a based on crystallography is approximated asp 3
2 =1.2247 and the maximum theoretical strength reduces to

s max ¼
p

3
2
G | 2 p (C5)
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